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Abstract 

We describe a generalization of Rauzy induction to a two-sided version 
which allows to prove that, in a regular interval exchange set, the sets of 
first return words form a basis of a free group. 
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1 Introduction 

Interval exchange transformations were introduced by Oseledec [11] following 
an earlier idea of Arnold [1]. These transformations form a generalization of 
rotations of the circle. 



1 



The main result proved in the paper is the fact that in a regular interval 
exchange set on the alphabet A, the set of first right return words to any given 
word forms a basis of the free group on A (Theorem l4.16l called below the Return 
Theorem) . 

As a consequence, we prove that the set of first right return words to any 
word in is a basis of the free group on A (Theorem 14. 16p . 

The paper is organised as follows. 

In Section [21 we recall some notions concerning interval exchange transfor- 
mations. We state the result of Keane which proves that regularity is a 
sufficient condition for the minimality of such a transformation (Theorem 13. 3|) . 

In Section m we first recall the notion of Rauzy induction introduced in |12] . 
We prove that the natural codings of a transformation and of its modification 
by a sequence of Rauzy inductions are related by a positive automorphism of 
the free group (Theorem 14. lOp . 

We introduce a two-sided version of Rauzy inductions. We prove the gener- 
alization of Rauzy's theorems to the two-sided case (Theorems 14.111 and I4.12p . 

We use Rauzy induction to prove that in a regular interval exchange set on 
an alphabet A, the first return words to any word in F are a basis of the free 
group on A (Theorem I4.16P . The proof uses the fact that the two-sided Rauzy 
induction allows to reach the induced transformation relative to the subinterval 
associated with any word of F (Theorem 14. 18|1 . 

2 Preliminaries 

In this section, we first recall some definitions concerning words. We recall 
the definition of recurrent and uniformly recurrent sets of words. We recall 
the definitions and basic properties of bifix codes (see [2] for a more detailed 
presentation) . 

Let ^ be a finite nonempty alphabet. All words considered below, unless 
stated explicitly, are supposed to be on the alphabet A. We denote by A* the 
set of all words on A. We denote by 1 or by e the empty word. A set of words 
is said to be factorial if it contains the factors of its elements. 

A morphism f : A* B* is a monoid morphism from A* into B*. If a S A 
is such that the word /(a) begins with a and if |/"(a)| tends to infinity with 
n, there is a unique infinite word denoted /"(a) which has all words /"(a) as 
prefixes. It is called a fixpoint of the morphism /. 

Let F be a set of words on the alphabet A. For w E F, we denote 



L{w) 
R{w) 
E{w) 



{a<E A\aw e F) 
{a^ A\wae F) 
{{a,b) e A X A I awb G F) 



and further 



i{w) = Card(L(u;)), r{w) = Card(i?(w)), e{w) = Card(£;(w)). 
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A word w is right- extendable if r^w) > 0, left- extendable if £(w) > and biex- 
tendable if e{w) > 0. A factorial set F is called right-essential (resp. left- 
essential, resp. biessential) if every word in F is right-extendable (resp. left- 
extendable, resp. biextendable). 

A set of words is recurrent if it is factorial and if for every u,w £ F there is 
& V d F such that uvw G F. A recurrent set F ^ {1} is biessential. 

A set of words F is said to be uniformly recurrent if it is factorial and if, for 
any word u G F, there exists an integer n > 1 such that m is a factor of every 
word of F of length n. A uniformly recurrent set is recurrent. 

A morphism / : A* — > A* is called primitive if there is an integer k such 
that for all a,b G A, the letter b appears in f''{a). If / is a primitive morphism, 
the set of factors of any fixpoint of / is uniformly recurrent (see [5] Proposition 
1.2.3 for example). 

A word w is called right-special if r{w) > 2. It is called left-special if £{w) > 
2. It is called bispecial if it is both right and left-special. 

An infinite word is episturmian if the set of its factors is closed under reversal 
and contains for each n at most one word of length n which is right-special. It is 
a strict episturmian word if it has exactly one right-special word of each length 
and moreover each right-special factor u is such that r(u) = Card(A). 

A Sturmian set is a set of words which is the set of factors of a strict epis- 
turmian word. Any Sturmian set is uniformly recurrent (see [5]). 

Example 2.1 Let A = {a, b}. The Fibonacci word is the fixpoint x — abaababa . . . 
of the morphism f : A* ^ A* defined by /(a) — ab and f{b) = a. It is a Stur- 
mian word (see [9]). The set F(x) of factors of x is the Fibonacci set. 

Example 2.2 Let A = {a,b,c}. The Tribonacci word is the fixpoint x = 
/"(a) — abacaba--- of the morphism / : A* — ^ A* defined by /(a) — ab, 
f{b) = ac, /(c) = a. It is a strict episturmian word (see fT). The set F{x) of 
factors of x is the Tribonacci set. 

3 Interval exchange sets 

In this section, we recall the definition and the basic properties of interval ex- 
change transformations. 

3.1 Interval exchange transformations 

Let us recall the definition of an interval exchange transformation (see ^ or [3]). 

A semi-interval is a nonempty subset of the real line of the form [q!,/3[= 
{z e M I a < z < /?}. Thus it is a left-closed and right-open interval. For two 
semi-intervals A, F, we denote A < F if x < y for any x € A and y gV . 

Let {A, <) be an ordered set. A partition {Ia)aeA of [0, 1[ in semi-intervals 
is ordered if a < 6 implies la < lb- 
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Let ^ be a finite set ordered by two total orders <i and <2- Let {Ia)a<^A 
be a partition of [0, 1[ in semi-intervals ordered for <i. Let \a be the length of 
la- Let = Y.b<ta'^b and Ua = Y.b<^a-^b- Set Ua ^ Va- IJ-a- The interval 
exchange transformation relative to {Ia)aeA is the map T : [0, [0, 1[ defined 

by 

T{z) ^ z + aa if z e /q. 

Observe that the restriction of T to la is a translation onto J a — T{Ia), that 
Ha is the right boundary of la and that Va is the right boundary of Ja- We 
additionally denote by 7^ the left boundary of la and by Sa the left boundary 
of Ja. Thus 

la ha,^J■al Ja = [5a,Va[- 

Since a <2 b implies Ja <2 Jb, the family (Ja)aeA is a partition of [0, 1[ 
ordered for <2. In particular, the transformation T defines a bijection from 
[0, 1[ onto itself. 

An interval exchange transformation relative to (/a)aeA is also said to be 
on the alphabet A. The values {aa)aGA are called the translation values of the 
transformation T. 

Example 3.1 Let R be the interval exchange transformation corresponding to 
A = {a, 6}, a <i b,b <2 a, la = [0, 1 — a[, lb ~ [1 — a, ![• The transformation R is 
the rotation of angle a on the semi-interval [0, 1[ defined by R{z) ^ z + a mod 1. 

Since <i and <2 are total orders, there exists a unique permutation tt of A such 
that a <i 6 if and only if 7r(a) <2 7r(&). Conversely, <2 is determined by <i 
and TT and <i is determined by <2 and tt. The permutation tt is said to be 
associated to T. 

If we set A = {oi, 02, . . . , Og} with oi <i 02 <i • • • <i flg, the pair (A, tt) 
formed by the family A = {Xa)aeA and the permutation tt determines the map 
T. We will also denote T as Ta.it. The transformation T is also said to be an 
s-interval exchange transformation. 

It is easy to verify that the family of s-interval exchange transformations is 
closed by composition and by taking inverses. 

Example 3.2 A 3- interval exchange transformation is represented in Figure lOl 
One has A = {a, 6, c} with a <i b <i c and 6 <2 c <2 a. The associated permu- 
tation is the cycle tt = (abc). 




Figure 3.1: A 3-interval exchange transformation 
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3.2 Regular interval exchange transformations 

The orbit of a point z G [0, 1[ is the set {T"(z) \ n E Z}. The transformation T 
is said to be minimal if for any z € [0, 1[, the orbit of z is dense in [0, 1[. 

Set A = {oi, a2, . . . , a^} with oi <i 02 <i ... <i a^, /i^ = and (5^ = 
Jq.. The points 0, /ii, . . . , fig-i form the set of separation points of T, denoted 
Sep(T).^ 

An interval exchange transformation T^^tt is called regular if the orbits of 
the nonzero separation points Hi,. . . , fJ-s-i are infinite and disjoint. Note that 
the orbit of cannot be disjoint of the others since one has T{^i) = for some 
i with 1 < i < s. 

A regular interval exchange transformation is also said to satisfy the idoc 
condition (where idoc stands for infinite disjoint orbit condition). 

Note that since 62 = T{iii), ■ . ■ ,6s = T{^s~i), T is regular if and only if the 
orbits of 62, ■ ■ ■ , 5s are infinite and disjoint. 

As an example, the 2-interval exchange transformation of Example 1 3 . 1 1 which 
is the rotation of angle a is regular if and only if a is irrational. The following 
result is due to Keane [8]. 

Theorem 3.3 (Keane) A regular interval exchange transformation is mini- 
mal. 

The converse is not true. Indeed, consider the rotation of angle a with a 
irrational, as a 3-interval exchange transformation with A = (1 — 2a, a, a)and 
77 = (132). The transformation is minimal as any rotation of irrational angle 
but it is not regular since ^1 — 1 ~ 2a, /i2 = 1 — a and thus ^2 = T{^i). 

The following necessary condition for minimality of an interval exchange 
transformation is useful. A permutation tt of an ordered set A is called de- 
composable if there exists an element b G A such that the set B of elements 
strictly less than b is nonempty and such that tt{B) = B. Otherwise it is called 
indecomposable. If an interval exchange transformation T — Tx.n is minimal, 
the permutation tt is indecomposable. Indeed, if _B is a set as above, the set of 
orbits of the points in the set S = Uaes-^a is closed an strictly included in [0, 1[. 

The following example shows that the indecomposablity of tt is not sufficient 
for T to be minimal. 

Example 3.4 Let A = {a,b,c} and A be such that Xa = Ac. Let tt be the 
transposition (ac). Then tt is indecomposable but T\,7r is not minimal since it 
is the identity on /;,. 

3.3 Natural coding 

Let T be an interval exchange transformation relative to {Ia)aeA- For a given 
real number z € [0, 1[, the natural coding of T relative to z is the infinite word 
T,t{z) = aofli • • • on the alphabet A defined by 

a„ = a if T"(z) € h- 
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For a word w ^ babi ■ ■ ■ bm^i, let /^j be the set 

-4„nr-i(4jn...nT-"+i(/,_J. (3.1) 

Note that each is a semi-intervaL Indeed, this is true if is a letter. Next, 
assume that is a semi-interval. Then for any a G A, T{Iaw) = T{Ia) H is a 
semi-interval since T{Ia) is a semi-interval by definition of an interval exchange 
transformation. Since law C la, T{Iaw) is a translate of law, which is therefore 
also a semi-interval. This proves the property by induction on the length. 
Set Jw = Thus 

Jw - T"\h,) n T"-i(/bJ n . . . n T{h^_,). (3.2) 

In particular, we have Ja — T{Ia) for a Cz A. Note that each Jj„ is a semi- 
interval. Indeed, this is true if w is a letter. Next, for any a £ A, we have 
T~^{Jwa) = Jw ^ la- This implies as above that J^a is a semi-interval and 
proves the property by induction. We set by convention = = [0, 1[. Then 
one has for any n > 

a„a„+i • • • an+m-i = w T"(z) G 1^ (3.3) 

and 

an-man-m+l ' ' ' An-l = W -4==> r"(z) S J„ (3.4) 

Let {aa)aeA be the translation values of T. Note that for any word w, 

Jw = Iw + oiw (3.5) 

with Qfu) ~ ^^j=o (^bj as one may verify by induction on \w\ = m. Indeed 
it is true for m = 1. For to > 2, set w — ua with a = One has 

T'"(/„) = T"'-^{Iw) + aa and T"-i(/,„) = + by the induction hypothesis 
and the fact that I-u, is included in /„. Thus = T"^{Iw) = Iw -'r Oiu + Oia = 
Iw + ctw- Equation (|3.5I) shows in particular that the restriction of T'"'' to Iw 
is a translation. 

If T is minimal, one has w G F(I]t(2)) if and only if ^ 0. Thus the 
set F(Et(^^)) does not depend on z (as for Sturmian words, see [5]). Since it 
depends only on T, we denote it by F(T). When T is regular (resp. minimal), 
such a set is called a regular interval exchange set (resp. a minimal interval 
exchange set). 

Let X be the set of all St(z) for z E [0, 1[ and let S be the shift on X. Then 
we have the following commutative diagram. 

[0,1[^— [0,1[ 

T T 

Q 

X — ^^—^ X 
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The pair (X, S) is a symbolic dynamical system, formed of a topological space 
X and a continuous transformation S. Such a system is said to be minimal if 
the only closed subsets invariant by S are or S. It is well-known that {X, S) is 
minimal if and only if F{S) is uniformly recurrent (see for example [5] Theorem 
1.5.9). The transformation T is minimal if and only if the symbolic dynamical 
system {X,S) is minimal (see [3] page 392). Thus, we obtain the following 
statement. 

Proposition 3.5 For any minimal interval exchange transformation T , the set 
F(T) is uniformly recurrent. 

Note that for a regular interval exchange transformation T, the map Tit is 
injective (see [Sj page 30). 

4 Rauzy induction 

We describe the transformation called Rauzy induction defined in [T^ which op- 
erates on regular interval transformations and we recall the results concerning 
this transformation (Theorems 14.31 and 14.51) . We introduce a two-sided version 
of this transformation and generalize Rauzy's results to the two-sided case (The- 
orems |3?TI] and 232) • We use the two-sided induction to prove that in a regular 
interval exchange set, the set of first right return words to any word is a basis 
of the free group (Theorem I4.16P . 

4.1 Right Rauzy induction 

Let T = Tx.ir be an interval exchange transformation relative to {Ia)aeA- In this 
section, it will be convenient to assume that the family {Ia)aeA is a partition 
of a semi-interval [£, r[ instead of [0, 1[. Recall that we denote la — [ja, IJ-a[ and 

Ja = [Sa, Va[. 

For i < t < r, the semi-interval [£,t[ is right admissible for T if there is a 
fc e Z such that t = T^{'^a) for some a € A and 

(i) if A: > 0, then t < T''{ja) for all h such that < h < k, 

(ii) if A: < 0, then t < T'^ija) for all h such that k <h<0. 

We also say that t itself is right admissible. Note that all semi-intervals [^,7a[ 
with £ < Ja are right admissible. 

Example 4.1 Set a = (3 — V5)/2 and A = {u,v,w}. Let T be the interval 
exchange transformation on [0, 1[ which is the rotation of angle 2a mod 1 on the 
three intervals = [0, 1 — 2a[, /„ = [! — 2a, 1 — a[, = [1 — a, 1[. The semi- 
interval [O,t[ioi t — l — 2a 01 1 — 1 — a is right admissible since 1 — 2a — '^v and 
1 — a = 7„. On the contrary, for t — 2 — 3a, it is not right admissible because 
t — r^^(7u,) but 7^ < i contradicting (ii). 

Assume now that T is minimal. Let / C r[ be a semi-interval. Since T is 
minimal, for each z e [£, r[ there is an integer n > such that T'^{z) £ I. 
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l-2a I- a 1 

a 2a 1 

Figure 4.1: A 3-interval exchange transformation. 



The transformation induced by T on / is the transformation 5 : / — > / 
defined for ^ e / by S{z) = T"-{z) with n = min{n > | T"(z) e /}. The 
semi-interval / is cahed the domain of S, denoted D{S). 

Example 4.2 Let T be the transformation of Example 14.11 Let / — [0, 2a[. 
The values of p{z) = minjn > | T'^{z) e /} on [0, 1[ are given in Table |4J] 



z 




0<z <l~2a 
1 - 2a < z < 1 


2 
1 



Table 4.1: The values of p. 
The transformation induced by T on / is 



Siz) 




if < z < 1 - 2a 
otherwise. 



The following result is Theorem 14 in [T^ . 

Theorem 4.3 (Rauzy) Let T be a regular s-interval exchange transformation 
and let I be a right admissible interval for T. The transformation induced by T 
on I is a regular s-interval exchange transformation. 

We shall see below with more precision a description of the induced transfor- 
mation. 



Example 4.4 Consider again the transformation of Example l4.1l The transfor- 
mation induced by T on the semi-interval I — [0, 2a [ is the 3-interval exchange 
transformation represented in Figure 14.21 



1 - 2a 1 - a 2a 

U V w 

a 4a - 1 2a 

■O „,. > „, O 



V w u 

Figure 4.2: The transformation induced on /. 
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Let T — Ta^tt be a regular s-interval exchange transformation on [^,r[. Set 
A — {ai, 02, . . . , as} with ai <i 02 <i • • • <i as or equivalently < < 
• ■ • < • We set 7,^ = 7^^ and 5.; = (Ja^ for 1 < i < s. Note that 72, . . . , 7s are 
the separation points of T . Note also that, by definition of the permutation tt, 
we have < (5^(2) < • • • < 5^(s)- Set 

Z{T) = [^,max{7s,(5^(s)}[. 

Note that Z{T) is the largest semi-interval which is right- admissible for T. We 
denote by ip{T) the transformation induced by T on Z{T). 
The following result is Theorem 23 in |12) . 

Theorem 4.5 (Rauzy) Lei T be a regular interval exchange transformation. 
A semi-interval I is right admissible for T if and only if there is an integer 
n > such that I — Z{ip'^{T)). In this case, the transformation induded by T 
on I is ^"■+^{T). 

The map T 1— >■ ipiT) is called the right Rauzy induction. There are actually 
two cases according to 7s < S^(^s) (Case 0) or 7s > S^^f^s) (Case 1) (we cannot 
have 7s = 5t^(^s) since T is regular). 

i ^^{s) -fs r 



^Tr(s) 



a 



7r(s) 



^7r(s) 



7^(s) 



i 



a. 



nis) 



6s ^'-Tis) 



as a7r(s) 

Figure 4.3: Case in Rauzy induction. 
In Case 0, we have Z{T) = [£, (57r(s)[ and for any z e Z{T), 

I T{z) otherwise. 

The transformation S is the interval exchange transformation relative to {Ka)ai£A 
with Ka^ la^ Z{T) for all a e A. Note that Ka = la for a ^ as. The transla- 
tion values Pa are defined as follows, denoting ai, Pi instead of Ua^ , Pai , 



a^{s)+as ifi = 7r(s) 
a; otherwise. 



In summary, in Case 0, the semi-interval Ja„(s) is suppressed, the semi-interval 
Ja^ is split into S{KaJ and S{Ka^f^^^). The left boundaries of the semi-intervals 
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"s "7r(s) 

I 

a-rris) as 

Ss Srr{s) 
o^^^^HO 

fls a7r(s) 

Figure 4.4: Case 1 in Rauzy induction. 



Ka are the left boundaries of the semi- intervals la- The transformation is rep- 
resented in Figure l473l in which the left boundary of the semi-interval S{Ka^^^^ ) 
is denoted S'^(^^y 

In Case 1, we have Z{T) [f-,js[ and for any z e Z{T), 



T\z) ifzer-i(/aj 

T{z) otherwise. 



The transformation S is the interval exchange transformation relative to {Ka)a^A 
with 

'T-\la) iia = as 

T-^{T{Ia)n Z{T)) otherwise. 



Ka = 



Note that Ka = h for a ^ as and a ^ a^(s). Morever Ka = 5"1(T(/q) n Z{T)) 
in all cases. The translation values Pi are defined by 



(^Tr{s) + CKs if j = S 

a,; otherwise. 



In summary, in Case 1, the semi- interval la^ is suppressed, the semi- interval 
la^f^s) is split into Ka^^^^ and Ka^- The left boundaries of the semi-intervals 
S{Ka) are the left boundaries of the semi-intervals Jq. The transformation is 
represented in Figure 14.41 where the left boundary of the semi-interval Ka^ is 
denoted 7^. 



Example 4.6 Consider again the transformation T of Example 14.11 Since 
Z{T) = [0,2a[, the transformation ipiT) is represented in Figure IT2l The 
transformation ip'^{T) is represented in Figure 23] 

4.2 Left Rauzy induction 

The symmetrical notion of left Rauzy induction is defined similarly. Starting as 
above with the alphabet A = {01,02, . . . ,as} with ai <i 02 <i • • • <i a^, we 
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2 - 5a 1 - 2a 



1 — a 



10 



u 



w 



V 







a 



4a - 1 



K> 



V 



w 



u 



Figure 4.5: The transformation ip'^{T). 



set for convenience fii = /^q- (recall that /i^ is the right boundary of the interval 
la) and Vi — i>ai (recall that Va = T{fia))- One then defines 



We denote by f{T) the transformation induced by T on Y{T). The map T 
(^(T) is called the left Rauzy induction. 

Note that one has also Y{T) = [min{72, 5^(2)}, f [. 

The notion of left admissible interval is symmetrical to that of right admis- 
sible. For £ < t < r, the semi-interval [t, r[ is left admissible for T if there is a 
k G Z such that t = T^{'^a) for some a € A and 

(i) if fc > 0, then T'^i^ia) < t for all h such that < /i< fc, 

(ii) if fc < 0, then T'^l'fa) < t for all h such that k < h < 0. 
We also say that t itself is left admissible. 

The symmetrical statement of Theorem 14.51 also holds for left admissible 
intervals. 

4.3 Induction and automorphisms 

Recall now from Section |3] that for any z £ [£, r[, the natural coding of T relative 
to z is the infinite word St(^) = bobi • • • on the alphabet A with bn £ A defined 
for n > by b„ = a if r"(z) G h- 

Denote by 9i , 02 the morphisms from A* into itself defined by 



The morphisms 9i , 62 extend to automorphisms of the free group on A called 
elementary automorphisms (see [lOj for example). 
The following result appears in [6]. 

Proposition 4.7 Let T be a regular interval exchange transformation on the 
alphabet A and let S = "0(2^); ^ = ^C^)- There exists an automorphism 9 of 
the free group on A such that St(z) — d{Yis{z)) for any z £ I . 



Proof. Assume first that 7s < 5t^i^s) (Case 0). We have Z{T) — (57r(s)[ and for 
any x £ Z(T), 



Y{T) = [min{^i, 1/^(1)}, r[. 
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We will prove by induction on the length of w that for any z £ I, T,s{z) <E wA* 
if and only if Et(^) G Oi(w)A*. The property is true if w is empty. Assume 
next that w = av with a (z A. If a 7^ ^^(s); then 9i{a) = a, S{z) — T{z) and 

Es(z) e avA* ^ T.s{S{z)) e vA* ^ St(T(z)) e 6ii(u)A* ^ T.t{z) e 6li(w)A*. 

Otherwise, 0i(a) = a7r(s)as, 5'(z) = Moreover, Y,t{z) — a7r(s)as5]T(r^(^)) 

and thus 

E5(z) e auA* ^ ^siS{z)) e vA* Y.t{T'^{z)) £ 6*1 ^ Et(z) e ei{w)A* . 

If <^7r(s) < 7s (Case 1), we have Z{T) = 7s[ and for any z e Z{T), 

1 T(z) otherwise. 

As in Case 0, we will prove by induction on the length of w that for any z € I, 
£5(2) g wA* if and only if Y^riz) e 02{w)A*. 

The property is true if w is empty. Assume next that w — av with a € A. 
If a 7^ Cs, then ^2(0) = a, S{z) = T{z) and z £ Ka C /a- Thus 

Y.s{z) e auA* ^ Es(5(z)) G wA* ^ ET(r(2)) e e2{v)A* ^ Et(z) e 

Next, if a = Os, then 62(0) — a^(s)as, S{z) ~ T^{z) and z £ Ka, = T^^{Ia,) C 
/a,(^). Thus 

E5(z) e avA* ^ Es(5(z)) e wA* ^ Et(T2(z)) e 6'2(w)A* 4=» Et(z) G 6'2(w)A*. 

where the last equivalence results from the fact that Et(z) G a7r(s)as^*- This 
proves that Et(z) = 92{'Ss{z)). m 

Example 4.8 Let T be the transformation of Example l4Tl The automorphism 
9i is defined by 

9i{u) — uw, diiv) — V, Oi{w) — w. 

The right Rauzy induction gives the transformation S — i^iT) computed in 
Example 14.41 One has 'E,s{a) — vuwvu--- and ^^(a) = vuwwvuw ■ ■ ■ = 
0i{^s{a)). 

We state the symmetrical version of Proposition 14.71 for left Rauzy induction. 
The proof is analogous. 

Proposition 4.9 Let T be a regular interval exchange transformation on the 
alphabet A and let S = ^(T), I — Y{T). There exists an automorphism of 
the free group on A such that St(z) = 6{'Es{z)) for any z £ I. 

Combining Propositions 14.71 and 14. 9[ we obtain the following statement. 
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Theorem 4.10 Let T he a regular interval exchange transformation. For x G 
{ip^Tp}* , let S = x(T) and let I he the domain of S. There is an automorphism 
of the free group on A such that T,t{z) = d{J^s{z)) for all z <E I . 

Proof. The proof follows easily by induction on the length of x using Proposi- 
tions O and ■ 

4.4 Two-sided induction 

In this section, we generalize left and right Rauzy induction to two-sided induc- 
tion. 

Let T — Tx 7r be an s-interval exchange transformation on [I, r[ relative 
to {Ia)aeA. We denote by 7q the left boundary of the interval la. Set A = 
{oi, . . . , fls} with fli <i 02 <i • • • <i Os. We set as usual 7^ = and /i; — /Xq. . 

For a semi-interval / — [w, u[c [£,r[., we define the following functions on 
[l,r[ 

pj^iz) = mm{n > | T"{z) £ ]u, v[}, p^riz) = min{n > | T-"{z) G ]u, v[}. 
We then define three sets. First, let 

Ei,Tiz) = {k I -pIt{z) <k< pjTiz)}. 
Next, the set of neighhors of z with respect to / and T is 
Ni,t{z) = {T'^iz) I k e Ej,t{z)}. 
The set of division points of / with respect to T is the finite set 

s 

Div{I,T)^[jNi^Thi}- 

i=l 

We now formulate the following definition. For £ < u < v < r, we say that 
the semi-interval / — [u, v[ is admissihle for T if u, w e Div(/, T) U {r}. 

Note that a semi- interval v[ is right admissible if and only if it is admissible 
and that a semi-interval [u,r[ is left admissible if and only if it is admissible. 
Note also that [t, r[ is admissible. 

It can be useful to reformulate the definition of a division point and of an 
admissible pair using the terminology of graphs. Let G(T) be the graph with 
vertex set [i, r[ and edges the pairs (z, T{z)) for z e [t, r[. Then, if T is minimal 
and / is a semi-interval, for any z g there is a path Pi^t{z) such that its 

origin x and its end y are in /, z is on the path, z ^ y and no vertex of the 
path except x, y are in / (actually x — T^^{z) with n = pjrp(z) and y — T"^{z) 

with m = p'}rp[z)). Then the division points of / are the vertices which are on 
a path P/,T(7i) but not at its end. 

The following is a generalization of Theorem l4.3l Recall that Sep(T) denotes 
the set of separation points of T, i.e. the points 0, pi, . . . , Ps-i- 
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Theorem 4.11 LetT he a regular s -interval exchange transformation on [i,r[. 
For any admissible semi-interval I = [u,v[, the transformation S induced by 
T on I is a regular s-interval exchange transformation. Moreover Sep(S') = 

Div(/,r)n/. 

Proof. Since T is regular, it is minimal. Thus for each i S {2, . . . , s} there are 
points Xi^yi w[ such that there is a path from Xi to yi passing by 7^ but not 
containing any point of / except at its origin and its end. Since T is regular, 
the all distinct and the yi are all distinct. 

Since / is admissible, there exist g,d S {l,...,s} such that u £ Nj^xilg) 
and V G Ni^rild)- Moreover, since m is a neighbor of 7^ with respect to /, u is 
on the path from Xg to j/g (it can be either before or after 7^). Similarly, v is on 
the path from Xd to yd (see Figure where u is before 7^ and v is after 7^). 




Figure 4.6: The transformation induced on [u,v[ 
Set xi = yi ^ u. Let {Ij)i<j<s be the partition of / in semi-intervals such 



that 



is the left boundary of Ij for 1 < j < s. Let Jj be the partition of / 



such that yj is the left boundary of Jj for 1 < < s. We will prove that 



Ji if j = 9 
Jg ifj = l 



and that the restriction of S to Ij is a translation. 

Assume first that j 7^ 1, g. Then S{xj) — yj. Let k be such that yj — T^{xj) 
and denote /j = Ij \ Xj . We will prove by induction on h that for < /i < A; — 1 , 
the set T^{I'j) does not contain m, v or any Xi. It is true for ft, = 0. Assume that 
it holds up to ft. < fc — 1. 

For any ft' with < h' < h, the set (Ij) does not contain any 7^. Indeed, 

oterwise there would exist ft" with < ft" < ft such that Xi S T'* (/j), a 
contradiction. Thus T is a translation on T'' (Ij). This implies that T'' is 



a translation on Ij. Note also that T'''{I'j) n / 



Assume the contrary. 



We first observe that we cannot have T^{xj) G I. Indeed, h < k implies that 
T''{xj) ^]u, v[. And we cannot have T''{xj) = u since j ^ g. Thus T''{I-)nl ^ 
implies that u e T^{I'-), a contradiction. 

Suppose that u — T^^^{z) for some z e /j. Since u is on the path from 
Xg to j/g, it implies that for some ft' with < h' < h we have Xg = (z). 
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a contradiction with the induction hypothesis. A similar proof (using the fact 
that V is on the path from Xd to yd) shows that T'^^^{I'j) does not contain v. 
Finally suppose that some Xi is in T^'^^^I'^). Since the restriction of to Ij is 
a translation, T^{Ij) is a semi- interval. Since T*^^^{xj) is not in / the fact that 
T^'^^{Ij) n / is not empty implies that u G T^{Ij), a contradiction. 

This shows that is continuous at each point of and that S — T^{x) for 
all X G Ij. This implies that the restriction of S to Ij is a translation into Jj . 

If j = 1, then S{xi) = S{u) = yg. The same argument as above proves that 
the restriction of S to Ii is a translation form Ii into Jg. Finally if j = g, then 
S{xg) = xi = u and, similarly, we obtain that the restriction of S to Ig is a 
translation into Ii. 

Since S is the transformation induced by the transformation T which is one 
to one, it is also one to one. This implies that the restriction of S to each of 
the semi-intervals Ij is a bijection onto the corresponding interval Jj, Ji or Jg 
according to the value of j. 

This shows that S is an s-interval exchange transformation. Since the orbits 
of the points a;2, ■ ■ • tXs relative to S are included in the orbits of 72, ... ,7s, 
they are infinite and disjoint. Thus S is regular. 

Let us finally show that Sep(S') = Div(/, T) n /. We have Sep(S') = 
{a;i,X2, . . . ,Xs} and Xi G Ni_T{li)- Thus Sep(S') C Div(/,T) n /. Conversely, 
let X e Div(/, T) n/. Then x G Ni^rhz)'^! for some 1 < z < s. lfi^l,g, then 
X — Xi. If z = 1, then cither x = u {if u = £) or x = x^^j^j since 71 = T(7^(x))- 
Finally, if i = g then x = u or x ~ Xg. Thus x G Sep(S') in all cases. ■ 

The following is a generalization of Theorem 14.51 

Theorem 4.12 LetT be a regular s-interval exchange transformation on [£,r[. 
A semi-interval I is admissible for T if and only if there is a sequence x S 
{ip,Tp}* such that I is the domain ofx{T). 

We first prove the following lemmas in which we assume that T is a regular 
s-interval exchange transformation on r[. Recall that Y{T),Z{T) are the 
domains of ip{T),^(T) respectively. 

Lemma 4.13 // a semi-interval I stricly included in [i,r[ is admissible for T, 
then either I C Y{T) or I C Z{T). 

Proof. Set / — [u, v[. Since / is stricly included in [£, r[, we have either ^ < m or 

V <r. Set Y{T) = [y, r[ and Z{T) = [£, z[. 

Assume that v < r. If y < u, then / C Y{T). Otherwise, let us show that 

V < z. Assume the contrary. Since / is admissible, we have v — T'^{'^i) with k G 
Ei^rini) for some i with 1 <i < s. But fc > is impossible since u < T{'^i) < v 
implies T(7i) G in contradiction with the fact that k < pj'i'ji). Similarly, 
fc < is impossible since u < < v implies 7^ G ]u,v[. Thus / C Z{T). 

The proof in the case i < u i& symmetric. ■ 

The next lemma is the two-sided version of Lemma 22 in [12] . 
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Lemma 4.14 Let T he a regular s-interval exchange transformation on ?"[. 
Let J he an admissihle semi-interval for T and let S he the transformation 
induced hy T on J . A semi-interval I d J is admissihle for T if and only if it 
is admissihle for S. Moreover Div(J, T) C Div(/,r). 

Proof. Set J = [t,w[ and / = [u,v[. Since J is admissible for T, the transfor- 
mation 5 is a regular s-interval exchange transformation by Theorem 14. Ill 

Suppose first that / is admissible for T. Then u — T^{'-^i) with g E Ej,T{li) 
for some 1 < « < s, and v — T'^i'^j) with d e Ej,T{'^j) for some 1 < j < s or 
V = r. 

Since S is the transformation induced by T on J there is a separation point 
X of S* of the form x = T"^{^i) with m = —p^fi"fi) ^'^^ 1 ^ * ^ * and thus 
m e Ej^rilt)- Thus u = T9-'"(a;). 

Assume first that g — m > 0. 

Since u,x £ J , there is an integer n with Q < n < g — m such that u = S"'{x). 

Let us show that n G Ej^s{x). Assume by contradiction that g{x) < n. 
Then there is some k with < k < n such that S'^{x) e /. But we cannot have 
k — n since u ^ I. Thus k < n. 

Next, there is h with < h < g — m such that T''(x) = S'^{x). Indeed, 
setting y — S''{x), we have u — r^^™^''(?/) — S'"^'^(y) and thus h < g — m. 
li < h < ~m, then T^{x) = T'"+''(7j e J contradicting the hypothesis 
that m e Ei^rili)- If -m < h < g - m, then T^{x) = r™+''(7,) e J, 
contradicting the fact that g G Ej^t{%)- This shows that n e Ej,s{x) and thus 
that u e Div(/, S). 

Assume next that g — m < 0. There is an integer n with g — m < n < such 
that u = S^{x). Let us show that n G Ej g{x). Assume by contradiction that 
n < —pjg{x). Then there is some k with n < fc < such that S'''{x) — T'*(x). 
Then T''(x) = T''+™(7i) with 5 < ft, + m < to, in contradiction with the 
hypothesis that m G Ej^riji)- 

The proof that v G Div(/, S) is similar. 

Conversely, if / is admissible for 5*, there is some a: € Sep(S') and g G Ei^s{x) 
such that u = S^{x). But x = T"^{'-fi) and since u,x £ J there is some n such 
that u = T"(7j). 

Assume for instance that n > and suppose that there exists k with < 
k < n such that T''{ji) e /. Then, since / C J, ^'=(7^) is of the form 5''' (a;) 
with < h < g which contradicts the fact that g e Ej^six)- Thus n G Ej^Tiji) 
and M e Div(J,T). 

The proof is similar in the case n < 0. 

The proof that v e Div(/, T) is similar. 

Finally, assume that / is admissible for T (and thus for S). For any 7; G 
Sep(T), one has 

min{n > | T~"(7j) G > min{n > | T-"(7,) € 

and 

min{n > | T"(7j) €]?/, v[} > mm{n > | T"(7j) e]i, 
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showing that Div(J,r) C Div(/,T). 



Proof of Theorem 14.121 We first prove by induction on the length of x that 
the domain of x(T) is admissible. It is true for |x| = since [£, r[ is admissible. 
Next, assume that J = D{x{T)) is admissible. Then D{(px{T)) is admissible 
for x{T) since D{ipx{T)) = Y{x{T)). Thus D{ipx{T)) is admissible for T by 
Lemma [4. 141 The same proof holds for ipx- 

Conversely, assume that / is admissible. Consider the set of sequences x G 
{(p,ip}* such that / C D{x{T)). The set T is sufRx-closed. Indeed it contains 
the empty word because [i,r[ is admissible. Moreover, for any ^, x G {(p, V'}*, 
one has D{(xiT)) C D{x{T)) and thus ^ implies x^^- 

The set T is finite. Indeed, by Lemma [4.141 applied to J = D{x{T)), for 
any x S J^, one has Div {D{x{T)),T) C Div(/,T). In particular, the boundaries 
of D(x(T)) belong to Div(/, T). Since Div(/,T) is a finite set, this implies that 
there is a finite number of possible semi-intervals D(x(T)). Thus there is is no 
infinite word with all its suffixes in T. Since the sequences x are binary, this 
implies that is finite. 

Thus there is some x G such that ipx, ipX ^ J'- If ^ is stricly included 
in D{x{T)), then by Lemma mm applied to x{T), we have / C Y{x{T)) = 
D{ipx{T)) or / C zlxiT)) = D{;ijjx{T)), a contradiction. Thus / = d\x{T)). 



4.5 Sets of first return words 

Let be a recurrent set. For w G F, let Tpiw) = {x € F \ wx e F H A~^w} be 
the set of right return words to w and let Rf{w) — Tp{w) \ Tp{w)A^ be the 
set of first right return words to w. 

Recall from Section [3] that if T is a regular interval exchange transformation 
on [i, r[, for any z € [£, r[, a word w is in F{J^Tiz)) if and only if 1^ ^ 0. Thus 
F{T,t{z)) does not depend on z and may be denoted F(T). 

Proposition 4.15 Let T be a regular interval exchange transformation and let 
F = F{T). For w € F, let S be the transformation induced by T on J^. One 
has X G Rp{w) if and only if 

Et(z) =xEt(5(^)) 

for some z Cz Jw 

Proof. Assume first that x G Rf{w). Then for any z G ^ Ix, we have 
l^^l = Pj^^ri^) and 

Et(^) = a;ST(Tl^l(z)) = xEt(5(^)). 

Conversely, assume that T,t{z) — xT,t{S{z)) for some z G Jw Then 
tI^I(z) G Jw and thus wx G A*w. Moreover \x\ — p^^ -p(z) and thus x G Rpiw). 
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The main result of this section is the fohowing statement. 

Theorem 4.16 Let T be a regular interval exchange transformation on the 
alphabet A. For any word w £ F{T), the set of first right return words to w is 
a basis of the free group on A. 

This theorem is related with a result of Vuillon who proved in [T^ that the 
set of first return words in a regular s-interval exchange transformation has s 
elements. 

Example 4.17 Let T be the interval exchange transformation of Example 14. II 
The set F — F{T) is represented in Figure H771 (only the nodes which are prefixes 
of Rf{u) U Rf{v) U Rf{w) are represented). 




Figure 4.7: The set F 



We have 

Rf{u) = {wVVUjWWVUjWWVVu}, 

Rf{v) — {uwv , uwwv , v} , 
RfIw) = {vuw , vvuw , w} . 

Each of these sets is a basis of the free group on A = {u,v,w}. For example, 
we have 

u = {vuw){vvuw)~^ {vuw)w~^ , V — {vvuw){vuw)~^ 

showing that the group generated by Rf{w) contains m, v. Since Rf{w) contains 
w, it generates the free group on A. Thus it is a basis of the free group on A. 

Theorem 14.161 is also true for Sturmian sets by a theorem due to Justin and 
Vuillon (see 0). 

The following result shows that any interval Jx can be reached as the domain 
of the transformation obtained by a sequence of left and right Rauzy inductions. 
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Theorem 4.18 Let T be a regular interval exchange transformation. For any 
w G F[T) there is x ^ such that is the domain ofx{T). 

We will use the following lemmas, in which we assume that T is a regular s- 
interval exchange transformation on the semi- interval [i, r). 

In the proof of the first one, we use the well-known fact that if T is a minimal 
s-interval exchange transformation, then Card(F(T)n A") = (s — l)n+l (see []) 

Lemma 4.19 For any k>l, the set Pu = {T'^ili) | 1 < « < s, I < h < k} is 
the set of (s — l)k -\- 1 left boundaries of the semi-intervals Jy for all words y 
with \y\ = k. 

Proof. Let Qk be the set of left boundaries of the intervals Jy for \y\ — k. Since 
Card(F(T) n A'') = {s - l)k + 1, we have Card(Qfe) = (s - l)k + 1. Since T 
is regular the set Rk = {T'^{-fi) | 2 < z < s, 1 < h < k} is made of (s — l)fc 
distinct points. Moreover, since 

71 = r(7,(i)), T(7i) = T2(7,(i)), . . . ,r'=-i(7i) = r'=(7.(i)), 

we have Pk = Rk U {T''{ji)}. This implies Card(Pfc) < (s - l)k + 1. On the 
other hand, if y = 6o • • • bk-i, then Jy — n*irg^T'^~*(/&.). Thus the left boundary 
of each Jy is the left boundary of some T^{Ia) for some h with 1 < h < k and 
some a G A. Consequently Qk C Pk. This proves that Card(PA;) — (s — l)fc + 1 
and that consequently Pk — Qk- ■ 

Lemma 4.20 For any w S F{T), the semi-interval Jw is admissible. 

Proof. Set juij = A: and J^, — [u,v[. By Lemma [4.191 we have u = T^^ji) for 
1 < i < s and 1 < g < k. Similarly, we have v = r or v = T'^{jj) for 1 < j < s 
and 1 < d < k. 

For 1 < h < g, the point T'''{'-fi) is the left boundary of some semi-interval 
Jy with \y\ = k and thus T^{'~fi) ^ Jw This shows that g g Ej^.Tili) and thus 
that u £ Div( J^,T). 

If V = r, then v € T)iv{J^,T). Otherwise, one shows in the same way as 
above that v G Div( Ju,,T). Thus Jw is admissible. ■ 

Proof of Theorem 14.181 Let w G F{T). By Lemma 14.201 the semi- interval 
Jtu is admissible. By Theorem 14.121 there is a sequence x € {fji^}* such that 
-C(x(r)) = Jw whence the result. ■ 



We can now complete the proof of Theorem 14. 161 
Proof of Theorem \4:.lG[ By Theorem 14. 181 there is a sequence x € such 
that Jw is the domain of S* = x{T)- By Theorem l4. 101 there is an automorphism 
6 of the free group on A such that T,t{z) — 9{I]s{z)) for any z G Jw- By 
Proposition I4.15[ we have x G Rf{w) if and only if T,t{z) — x'SriSiz))) for 
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some z E Juj. This implies that Rf{w) — 0{A). Indeed, for any z £ J^, let a is 
the first letter of S5(z). Then 

St(z) = = 9{aJ:s{S{z))) = 9{a)e{j:s{Sz)) = 0(a)ET(5(z)). 

Thus X G Rf{w) if and only if there is a G A such that x = 0(a). ■ 

We illustrate the proof of Theorem 14.161 with the following example. 

Example 4.21 We consider again the transformation T of Example 14.11 We 
have = {vuw,vvuw,w} (see Example 14 .17^ . We represent in Figure H751 

the sequence x of Rauzy inductions such that J,^ is the domain of xC^)- 



o o 
u 




Figure 4.8: The sequence x G {'/'iV'}* 



The sequence is composed of a right induction followed by two left inductions. 
We have indicated on each edge the associated automorphism (indicating only 
the image of the letter which is modified). We have x = ^-nd the resulting 
composition of automorphisms gives 

0{u) = vuw, 9{v) — vvuw, 9{w) ~ w. 

Thus Rf{w) = e{A). 
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